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Z¤hZLNm|h{j{ZLhm|}1y-¡¶ªZ±xLuh3ZLcnxlnm ZegWZsJ{ZLlnuegsJlnc-egWueWuhz|ZenWjZ±Y-ijz|egm {sJz|Z¯h z|sx>zZ}{uhcfm shcL© ¹µm|´JZ'(r{egsJh 
 Z>YDulge  (  =."¦¡ªZ¤lcveAlnZLcg{ZLx
enm|JZ>z bZ¤hjZ5egWjZ  
&'uh ^ &)r¢­ijhx
egm shcCdb®
Oml (r, θ, φ) =
(−1)li|m|
Aml
Y ml (θ, φ)
1
rl+1
∀ (l, m) ∈ N2 with 0 ≤ |m| ≤ l, § < © < ¨
h&®
Iml (r, θ, φ) = i
−|m|Aml Y
m
l (θ, φ)r
l ∀ (l, m) ∈ N2 with 0 ≤ |m| ≤ l, § < ©  ¨ªCWjZLlgZJ®
Aml =
(−1)l√
(l −m)!(l + m)!
.
ywcP¢­sl¶egWjZwcf{jWZ>lnm xLuzjWlgY[sJhjm xLc>¡ªZAZLY[{jWcgm >ZCenWerenWjZ
Okj
h
Ikj
¢­ijhx
enm|sJhc¶lgZAx>shcgmpZ>lnZL[crm ZLhegmpx>uz z bDhdijz z¢­sJl
j < 0
sJl |k| > j ©PVWjZ>bx>uh±uzpcgsDZªClgm|efenZ>hcL®
Oml (r, θ, φ) = i
−|m|(l − |m|)!P |m|l (cos θ)ei.m.φ
1
rl+1
,
§ < © º ¨
Iml (r, θ, φ) =
(−1)li|m|
(l + |m|)!P
|m|
l (cos θ)e
i.m.φrl.
§ < © > ¨
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y^h$egWjZlnZ>zpenm|sJhcuY[shj[sJ{j{scfm|egZ5sJlnZLlnclgZJ®
O−ml = (−1)mO
m
l ,
§ < ©  ¨
I−ml = (−1)mI
m
l .
§ < ©  ¨¹µZefenm|h
X
uh
X′
ZevªsN{scfm|egm sh ZLxegsJlnc-m|h
3D
cg{x>Z¡rªZhjsª m ZegWjZ±Yum henWjZ>sJlgZLY[c-egWe²egWjZ?_¯_lnZLoijm lgZKc>®enWjZ>m lC{jlnss¢xLuhZ5¢­sJijhm|h1 (  =J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0/1& \    #"$
*- ‖X‖ > ‖X′‖  =&/%&
1
‖X−X′‖ =
+∞∑
n=0
n∑
l=−n
(−1)nI−ln (X′)Oln(X).
VWjmpcµ¢­slnY-ijzpm csjenum hjZK5bAjZLxsJY[{scfm|egm shs¢enWjZ{segZ>henm zªCm|egW-¹µZ>ZLhlnZr{sz bhsY[m z cµªCWjmpxWulnZPegWjZLYcfZLz|JZLcZKxsJY²{sJcgZLegWuhj´cegs[enWjZyCjm|egm shVWjZLslnZ>Y ¢­sJlAcf{jWZ>lnm xLuz&WlgY[shm xLc>©VWjZ5hjZ>}deCegWjZLslnZ>Y'mpcCicgZLegsZKcveujz m cgW
M2M
§   
&' @
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&' ¨ uh M2L § 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‖X‖ > ‖X′‖  
0/1&)
Oln(X−X′) =
+∞∑
j=0
j∑
k=−j
(−1)jI−kj (X′)Ol+kn+j(X) ∀ (n, l) ∈ N2 with 0 ≤ |l| ≤ n.
VWjZ-z JcveAenWjZ>sJlgZLY x>slnlgZKcf{shjcegsegWjZ$/ !	C  !
 $/1&\ &' m h  lnZ G G "H¡Quh±m¬em c^icfZK¢­sl
L2L
§ ^$&' @
0@
'&) ¨ s{Z>lenslK®
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 
I ln(X−X′) =
n∑
j=0
j∑
k=−j
(−1)jIkj (X′)I l−kn−j(X) ∀ (n, l) ∈ N2 with 0 ≤ |l| ≤ n.
·Z¶hjsª+Jm|JZ?egWjZs{Z>legsJlnc
P2M
¡
M2M
¡
M2L
uh
L2L
egWuelgZrhZ>ZLjZL5¢­sJl³egWZ?_¯_ ¡ScµZ}{jlnZLcncfZKwm h  (  =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Zuzpcfs[Jm|JZ^enWjZ5¢­slnY-ijzpuZenWe^lgZicgZL$egsZKixZ5enWjZ{suegZLhegmpuz³uhenWjZ5¢­slxZKc¢­lgsJY egWjZz sx>z&Z}{uhcfm shcL©
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(qi)i∈J1,mK
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Qi = (ρi, αi, βi)
=/ )&	&>; 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&
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&'
z0
	&
Qi − z0 = (ρ′i, α′i, β′i)
=&U& $&
Mkj = (−1)j
m∑
i=1
qiI
k
j (ρ
′
i, α
′
i, β
′
i) ∀ (j, k) ∈ N2 with 0 ≤ |k| ≤ j.
VWjZ5{suenZ>hegmpuz³mpcegWZ>h±m ZLh$dbenWjZ5¢­sz z|sªCm hj[Y-iz¬enm|{sz ZZ}{hcfm shµ®
Φ(x) =
+∞∑
j=0
j∑
k=−j
Mkj O
−k
j (x− z0).
Mkj
ulnZZ>hsuegZK±c   ; 
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&'^ 
©¶VWjZ-cgbdY[Y²Z>eglnb{jlns{Z>lgevb § < ©  ¨ uY[shs{j{sJcgm¬enZ5slZ>lcm c^uzpcfsuz mp¢­sJlegWjZKcfZYDijz|egm {sJz|Z5Z}{hcgm|sJhenZ>lnY[cL®
M−kj = (−1)kM
k
j .
§ < ©  ¨
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&)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z1

Mkj =
j∑
n=0
n∑
l=−n,
|k−l|≤j−n
M ′
l
nI
k−l
j−n(ρ, α, β) ∀ (j, k) ∈ N2 with 0 ≤ |k| ≤ j
=/&'	&
(ρ, α, β)
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z1 − z0
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M ln  =,!
0/ n ≥ 0  |l| ≤ n  \&)!  
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z1
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 
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z2

Lkj =
+∞∑
n=0
n∑
l=−n
M lnO
−k−l
j+n (ρ, α, β) ∀ (j, k) ∈ N2 with 0 ≤ |k| ≤ j
=/&'	&
(ρ, α, β)
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%& :'

z2 − z1
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VWjZ5{suenZ>hegmpuz³mpchjsª m Z>hdbegWZ5¢­sz z|sªCm hj[z|sxLuz&Z}{hcgm|sJh³®
Φ(x) =
+∞∑
j=0
j∑
k=−j
Lkj I
k
j (x− z2).
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Lkj
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©VWjZ-cgbY[Y[Zenlgb{jlgsJ{ZLlfevb § < ©  ¨ uY[shj[sJ{j{scfm|egZsJlnjZ>lc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egWjZKcfZz sx>uz&Z>}{uhcgm shenZ>lnYc>®
L−kj = (−1)kL
k
j .
§ < © = ¨VWjmpcx>uhZD{jlgsJZLdbxshcfmpZ>lnm hj[egWue
Φ(x) ∈ R uhenWewegWjZ Lkj ulnZijhjmpoijZ©VWjZ>lnZ¢­sJlgZsJhjz b$enWjZenZ>lnYc^ªCm|egW{sJcgm¬enm|JZ5slZ>lculnZ5x>sY[{jienZLªCWjZLh$m Y[{jz|ZLY[Z>hegm hj
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0/ n ≥ 0  |l| ≤ n  \&)!  
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z3

Lkj =
+∞∑
n=j
n∑
l=−n,
|l−k|≤n−j
L′
l
nI
l−k
n−j(ρ, α, β) ∀ (j, k) ∈ N2 with 0 ≤ |k| ≤ j
=/&'	&
(ρ, α, β)
	& 
0/1&3"/1&)^ : 5;*:\:	-!
&'  +3
!/& %& :'

z3 − z2
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n=j
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M2M
¡
M2L
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L2L
s{Z>lenslcPªZ5uz ªSbdc¶xshdJZ>lgegZAsJl¶enlnhcfzpenZwhszp § Y-ijz|egm {sJz|Zslz sdxLuz ¨ Z>}d{uhcgm|sJhens[hjZ>ª § Y-ijz|egm {sJz|ZDslAz sx>z ¨ Z>}d{uhcgm|sJhegWhj´cegscgsY[Z Okj sJl^cgsY[Z Ikj ©V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P
Jm|JZ>hdb
Lkj
¡
0 ≤ j ≤ P ¡ |k| ≤ j ¡ªZ5x>uh$Z>uz iuegZAenWjZ5{segZLhJenm z&eC{sm hJe ZªCm|egW § < © G ¨ ®
Φ(Z) =
P∑
j=0
j∑
k=−j
Lkj I
k
j (r, θ, φ).
§ < © <  ¨
+^sªZLZ>lPiZegs5egWZA{jlns{Z>lgegm ZLc § < ©  ¨ uh § < © = ¨ ¡ªZCWSZ® Lkj Ikj +L−kj I−kj = Lkj Ikj +Lkj Ikj = 2 Re(Lkj Ikj ) ¡ªCWjZLlgZ &Z>hjsegZKcegWjZlnZLzQ{ulgeCsu¢P²x>sY[{jz Z}hdijYDZLlL©rVWZ{suenZ>hegmpuzµY[SbegWdicZZ>uz ienZL$m|henWjm cC¢£cfegZ>lCªSbQ®
Φ(Z) =
P∑
j=0
[
L0jI
0
j (r, θ, φ) +
j∑
k=1
2 Re(Lkj I
k
j (r, θ, φ))
]
.
slegWZZ>uz ienm|sJh$s¢µenWjZ5¢­slxZJ¡ªZcfenulgeCªCm¬enW±ZLoienm|sJh § < © <  ¨ ¡uhªZªheensxsY[{jijegZ®
F(Z) = −grad Φ(Z),
enWeAmpcegscnSb¡m henWjZz sdxLuz&JcfZ5s¢enWjZcf{WjZ>lnm xLuz&xsdsJlnm huegZLcL®
Fr(Z) = −∂Φ(Z)∂r , Fθ(Z) = − 1r
∂Φ(Z)
∂θ , Fφ(Z) = − 1r sin θ
∂Φ(P)
∂φ .VWjZ$lm Z>hem h cg{jWjZ>lnmpx>uzxsdslm henZLc § ªCm|egWsJijlDlnZ>Z>Y[ZLhJeDsu¢
θ
Z>m hj¯enWjZ$x>szpenm¬enim huzxsdslm henZuh
φZ>m hj[egWZz|sJhjm|egijm|hz³xsdslm henZ ¨ x>h$ZZ}{jlnZLcncgZLJc>®
gradf =
∂f
∂r
er +
1
r
∂f
∂θ
eθ +
1
r sin θ
∂f
∂φ
eφ
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0/1& ,232 =
ªCWjZLlgZ
(er, eθ, eφ)
mpc$egWjZz|sxLuzcgZs¢egWjZ+cf{WjZ>lnm xLuz5xsdslm henZLcL© VWjmpc¢­slnY-ijzpmpc$jijZensenWjZ¢£Jx
eegWue$enWjZZLz|ZLY²ZLhenulnbY[sZm h±cg{jWjZLlgmpx>z³xsdslm henZLcmpc>®
dl = drer + rdθeθ + r sin θdφeφ
©¶adm hxZJ®
∂Ikj (r,θ,φ)
∂r =
j
r I
k
j (r, θ, φ),
∂Ikj (r,θ,φ)
∂θ = i
−|k|Akj r
j ∂Y
k
j (θ,φ)
∂θ ,
∂Ikj (r,θ,φ)
∂φ = ikI
k
j (r, θ, φ),ªZWSZJ¡dm|hegWZz|sx>z&cgZ5su¢egWjZcg{jWjZLlgmpx>z³xsdslm henZLcL®
Fr(Z) = −
PX
j=1
jX
k=−j
j
r
Lkj I
k
j (r, θ, φ)
= −
1
r
0
@
PX
j=1
jL0jI
0
j (r, θ, φ) +
jX
k=1
2j Re
“
Lkj I
k
j (r, θ, φ)
”
1
A
Fθ(Z) = −
1
r
PX
j=0
jX
k=−j
Lkj
∂Ikj (θ, φ)
∂θ
= −
1
r
0
@
PX
j=0
L0j
∂I0j (r, θ, φ)
∂θ
+
jX
k=1
2 Re
 
Lkj
∂Ikj (r, θ, φ)
∂θ
!1
A
Fφ(Z) = −
1
r sin θ
PX
j=0
jX
k=−j
ikLkj I
k
j (r, θ, φ)
= −
1
r sin θ
PX
j=0
jX
k=1
(−2k) Im
“
Lkj I
k
j (r, θ, φ)
”
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  dP ml (cos θ)
dθ =
l cos θP ml (cos θ)−(l+m)P ml−1(cos θ)
sin θ
 ∀ l ≥ 1  ∀ |m| ≤ l − 1   $ +'- m = l  dP ll (cos θ)dθ = l cos θP ll (cos θ)sin θ  $/  ,:\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!/ 
P m+1l (z) = (z
2 − 1)− 12
(
(l −m) zP ml (z)− (l + m) P ml−1(z)
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Lkj =
P−j∑
n=0
n∑
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j+n (ρ, α, β).
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Zx>uh$egWdicC¢­sdx>ic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c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Z
ijZ5ensshjZcgm hjz Zijhjm|ewxWlgJZz sx>uegZLm h
Q
c{jmpx
enijlnZL1m|h1¤JijlnZ < © < © ·NZNZ>hjsegZ±db B1 § lgZKcf{ZLxegm Z>z b B2 ¨ egWjZ¯uz zAxZ>henZ>lnZL1m|h X1 ªCm¬enW1ljm|ic r1
X
X
X
X
r2
X2
X1
Q
r1
Z
x
y
z α
m|JijlgZ < © < ® wilC{jlgsJjz Z>Yx>sh¤Jijlegm shµ©
§ lgZKcf{ZLxegm Z>z b
X2
uh
r2 ¨ © Z mpcAZ>hxz sJcgZLm|h B1 ¡ Q m|h B2 ©A_slnZ>sJZ>lK¡jZ>hjsegm hj R = ‖X1 −X2‖ ¡ªZ-cncfiY²Z5enWeK®
R > r1 + r2
©
 Z>hjsegm hj
α
egWjZCuhz Z¶ZevªZ>Z>h vJZLxegslc
Q
uh
Z
¡
r>
§ lnZLcg{ZKx
enm|JZ>z b
r< ¨ egWZYu}dm Y-iY § lnZLcg{ZKx
egm ZLz|b5Y[m hjm|YDijY ¨ZevªZ>ZLh$enWjZhjsJlgY's¢
Q
henWjZshZs¢
Z
¡h
Pn
egWjZ¹µZ>ZLhlnZ5{sJz|bdhjsJY²mpuzpcL¡ªZWSJZ®
Φ(Z) =
1
‖Z−Q‖ =
+∞∑
n=0
rn<
rn+1>
Pn(cosα).
§ < © <U< ¨
 Z¤hm|hj
ΦP (Z)
enWjZ{suegZLhegmpuz&ªCm|egW¤hjm|egZcgijY[Yegm sh±ij{$egs
P
¡ªZWSJZ®
‖Φ(Z)− ΦP (Z)‖ =
+∞∑
n=P+1
rn<
rn+1>
Pn(cosα).
ywc¢­slAz|z
n ≥ 0 uh¢­sJlAuz z x ∈ [−1, 1] ¡ªZ5WSZ |Pn(x)| ≤ 1 ¡jªZx>h$ªClnm¬enZ®
‖Φ(Z)− ΦP (Z)‖ ≤
+∞∑
n=P+1
rn<
rn+1>
=
1
r> − r<
(
r<
r>
)P+1
.
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 R > r1 + r2 
‖Φ(Z)− ΦP (Z)‖ ≤
1
R − (r1 + r2)
(
r1 + r2
R
)P+1
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X2
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©P·NZcfenlfeCªCm|egW³®
Φ(Z) =
1
‖Z−Q‖ =
1
‖ (X2 −X1)− ((Q−X1)− (Z−X2)) ‖
.
adm hx>Z5egWjZ-x>shjm¬enm|sJh
R > r1 + r2
¡ªCWjm xW±JiuluhegZLZLcegWZ-xsJhJZ>lnZLhxZsu¢?segW±Y-iz¬enm|{sz Z-uh$z sx>z&Z}{uhcfm shcL¡m Y[{jz|m ZLc ‖(Q−X1)− (Z−X2)‖ < ‖X2−X1‖ ¡dªZwx>hªClnm¬enZ^ªCm|egWegWjZxzpcncgm xLuzjenlnhcgz uegm sh[egWZ>slnZ>Y § egWjZLslnZ>Y < ¨ ®
Φ(Z) =
+∞∑
n=0
n∑
l=−n
(−1)nI−ln ((Q−X1)− (Z−X2)) Oln (X2 −X1) .
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I ln(−X) = (−1)nI ln(X)
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n=0
n∑
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I−ln ((Z −X2)− (Q−X1))Oln(X2 −X1).
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sdZLcwhjsue5lgZKoijm|lnZDhdb±x>shjm¬enm|sJh¯sh
X
h
X′
¡uh$sjenum h³®
Φ(Z) =
+∞∑
n=0
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j∑
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(−1)jIkj (Q−X1)I−l−kn−j (Z−X2)Oln(X2 −X1).
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(−1)jIkj (Q−X1)I−l−kn−j (Z−X2)Oln(X2 −X1).
·Z5¤lcveCm hJenlgsixZ
n′ = n− j ®
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(−1)jIkj (Q−X1)I−l−kn′ (Z−X2)Oln′+j(X2 −X1),
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(−1)jIkj (Q−X1)I−l
′
n′ (Z−X2)Ol
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m Y[{scfZKc>® −n′ ≤ l′ ≤ n′ ©  henWjZcgY[ZwªSb¡ Ikj (x) m Y²{sJcgZLcL® |k| ≤ j ¡egWeCm censcnSbQ®
j + k ≥ 0 ¡juh³® k − j ≤ 0 ©P_slnZ>sJZ>lK®
j + k ≥ 0 ⇒ n′ + j + k ≥ n′,
k − j ≤ 0 ⇒ −(n′ + j) + k = −n′ + (k − j) ≤ −n′.
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n′∑
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· WjmpxWY[ZKuhc¶egWueenWjZwcgZe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l = −l′ uh n = n′ ¡jªZw¤huz z|b$WSZJ®
ΦP (Z) =
P∑
j=0
j∑
k=−j
P−j∑
n=0
n∑
l=−n
(−1)jIkj (Q−X1)I ln(Z−X2)O−l−kn+j (X2 −X1).
¹µZe  clnZ>Yuln´[egWueL®
P∑
j=0
P−j∑
n=0
≡
∑
|j|≤P
|n|≤P,
0≤n+j≤P
≡
P∑
n=0
P−n∑
j=0
.
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ΦP (Z) =
P∑
n=0
n∑
l=−n


P−n∑
j=0
j∑
k=−j
(−1)jIkj (Q−X1)O−l−kn+j (X2 −X1)

 I ln(Z−X2).
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¡jªZWSZwegWdicC{jlnsZKenWeK®
ΦP (Z) =
P∑
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sJ{ZLlnuegslªCm¬enW$cgm|hz Z^WjZLm|JWJe´ZLlghjZLzJcjZ¤hjZKm h § < © ©  ¨ ©rVWjZZ>JlgZLZ^s¢&egWjZZ}{hcfm shenZ>lnY[cAlnhjZKc¶¢­lnsY
0
ens
P
©P·Z5egWZ>lnZ¢­slnZxsJhcfmpZLlL®
Lkj =
P−j∑
n=0
n∑
l=−n
M lnO
−(k+l)
n+j ∀(j, k) ∈ N2, j > 0, |k| < j.
§ j© < ¨
?55
M2L
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·ZAªCm z|zlgZLªClgm|egZenWjZ
M2L
s{Z>lenslrJcr
2D
xsJhJsz iegm shµ©µ·Z^xsJijz ²WSJZCxWjsdsJcgZ>h²egslnZ>ªClnm¬enZCm¬ecr
2D
x>slnlgZLz uegm shjijeAegWjmpcAªsiz $WSZ5z ZLensuh  vm hdZLlncgZ w{sm hef¥¦ªCm cgZ5{jlnsdjix
eAm h¯jsJijlgm Z>lAcg{JxZ©¶·NZWSJZ5{jlgZ>¢­Z>lnlgZK±uhm|hdZLlncgm shm|hlnZLz³cf{JxZcgixWJc>¡d¢­sJlAuz z
(j, k) ∈ N2 ®
L′kj = L
−k
−j ,
O′kj = O
k
−j
§ shjz bZLlnZ>ZLcClgZm hJZ>lcfZK ¨ .
§ ©  ¨
· WjZLh±m|hcgZ>lgegZKm h
M2L
¡dªZWSZJ®
L′
−k
−j =
∑
n∈J
∑
l∈K
M lnO
′−(k+l)
−(n+j) ∀(j, k) ∈ N2,
hªCm¬enW
j′ = −j uh k′ = −k ®
L′
k′
j′ =
∑
n∈J
∑
l∈K
M lnO
′k′−l
j′−n.
slcfm Y[{jz|mpxm|evb¡ªZlgZKZ¤hZwWjZLlgZK¢ enZ>legWjZ
Lkj
uhegWjZ
Okj
cfs-egWueenWjZ>bx>slnlgZKcf{shlgZKcf{ZLxegm ZLz|b²egs
L′kj
h
O′kjhªZ5sjenum h$egWjZ5¢­sJz|z sªCm|h
2D
x>shdsJz|ienm|sJh³®
Lkj =
P−j∑
n=0
n∑
l=−n
M lnO
k−l
j−n ∀(j, k) ∈ N2, j > 0, |k| < j.
z ZeK®
Γ = {(n, l) ∈ N2 with 0 ≤ n ≤ P, |l| ≤ n} ¡QZLcnxlnm ZenWjZDcgZesu¢PslZLlncAh¯ZLlnZ>ZKc¢­slwªCWjm xW Mkj ¡ Okjh
Lkj
ulnZZ>¤hjZK&©rVWjZLcgZ5egZLlgYcClgZxsJhcgm ZLlgZKens²hjm cgW±sieCs¢
Γ
©·ZZ¤hjZ5evªs[cgZenc J h K ¡cm|hcgZLxegm sh § ¸©  ¨ ¡bQ®
J = J−P, P K,
V
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0/1& ,232 < 
K = J−P, P K,hªZ5Z}denZ>h$egWZZ¤hm¬enm|sJhs¢
Xkj
m h$enWjZ5¢­sz z sªCm|hj²ªSb®
X̃kj =
{
Xkj
m|¢
(j, k) ∈ Γ
0
m|¢
(j, k) ∈ J ×K \ Γ ∀(j, k) ∈ J ×K
ªCWjZLlgZ
Xkj = M
k
j
sJl
Xkj = O
k
j
©
¹µZe
J = |J | uh K = |K| ¡ªZ^hjsª Z>}enZ>hegWjZ5Z>¤hjm|egm shs¢ M̃kj h Õkj egs N2 enWuhj´c¶egs J {ZLlgm smpxm|evbD¢­sJl¶enWjZZLlnZ>ZKcCuh
K
{ZLlgm sm x>m¬evb¢­slegWZslZ>lc>©¹µZe
L̃kj
ZZ¤hZL$sh J ×K bQ®
L̃kj =
∑
n∈J
∑
l∈K
M̃ lnÕ
k−l
j−n ∀(j, k) ∈ J ×K.
·ZWSZhjsª egWjZ5¢­sJz|z sªCm|h²z Z>Y[Yj©
Q ½   ?5
L̃kj = L
k
j , ∀(j, k) ∈ Γ
   H + ^VWjmpcCmpcCijZ5ens®
Mkj = 0 ∀(j, k)/|k| > j,
Mkj = 0 ∀(j, k)/j < 0,
Okj = 0 ∀(j, k)/j > P.
¸ie
L̃kj
xLuhZhjsJh¥¦hiz|zQ¢­sJl
(j, k) /∈ Γ ©
whx>ZuJm|hµ¡ªZlnZLZ>¤hjZ5WjZ>lnZLu¢ egZLl
Lkj
¡
Mkj
uh
Okj
lgZKcf{ZLxegm ZLz|bdb
L̃kj
¡
M̃kj
uh
Õkj
¡h$ªZ¤hz|z bsJenm|hµ®
Lkj =
∑
n∈J
∑
l∈K
M lnO
k−l
j−n ∀(j, k) ∈ N2.
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VWjZ{lgsJ{ZLlfevb § < ©  ¨ ¡jz|mp$¢­sl Lkj uh Mkj cªZ>z zU¡ªCm z z³lgZKcfiz¬eCm h±sijlnm Z>lCcf{xZJ¡ªCm¬enW 1D  ?V sJhenWjZslZ>lcL¡m hWz¬¢?su¢egWZ5egZ>lnYcZLm|h²ZKoiuzQens[egWjZx>sY[{jz Z}$x>shtvijenZs¢µenWjZsuenWjZ>lCWz¬¢v©
 hjZ>ZLªCWjZLh{j{jz bdm|hj
1D
 V sh±[cfZKoijZ>hx>Z
(X)l∈N
¡
N
{Z>lnm|smpxu¡ªCm|egW
X−l = (−1)lXl ¡jªZ5WSZJ®
X̂−l =
1
N
N
2∑
k=− N2 +1
Xke−
i2πk(−l)
N ,
X̂−l =
1
N
N
2∑
k=− N2 +1
(−1)kX−ke i2πklN .
¹µZe
X ′n = X−n, ∀n ∈ N ©
X̂−l =
1
N
N
2∑
k=− N2 +1
X ′ke
i2πk
N (l+
N
2 )
X̂−l =
1
N
N
2∑
k=− N2 +1
X ′ke−
i2πk
N (l+
N
2 )
VVXW-YZ'[\Z^]
<    ^
!
VWueAm censcgSb®
X̂−l = X̂ ′
l+ N2
.
adm hx>Z®
X̂ ′
k
= X̂−k
¡jªZWSZ®
X̂−l = X̂−l−
N
2 .ywc
(X̂k)k∈N
mpc{ZLlgm sm x5ªCm|egW±{Z>lnm|s
N
¡jªZx>uh±ZKixZJ®
X̂−l = X̂
N
2 −l.
VWue  cªCWdbshjz bsJhjZ5Wuz|¢s¢enWjZulnlSb[x>shenm|hm|hj²enWjZegZ>lnYcCm h±sijlnm Z>lCcf{xZ5hjZLZL$egs[Z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 ijZ5egsjZ¤hjm|egm sh < © < uhZKoJiegm shc § < © º ¨ § < © > ¨ ¡enWjZ Okj uh$enWjZ Mkj Jlgsª¡dªCWjZLh j uh k lnsª¡dJc>®
Okj (r, θ, φ) ∼
(j − |k|)!
rj+1
§ © º ¨
Ikj (r, θ, φ) ∼
rj
(j + |k|)! .
§ © > ¨
ywc^Y[Z>henm|sJhjZLm|h  (rz z =."?egWm cw¢£cfewlgmpenm|sJhm|hegWjZ²Yuhm¬eniZ-s¢PegWjZ²hjsJlgY su¢¶egWjZ-egZ>lnYclgZKcfijz|enc^m|hNhdijY[Z>lnm xLuzm hcfenum|z m¬evb$ªCWjZ>h±icgm hj?V usZ[xlnm|egmpx>uzµSz|iZw¢­sJl
P
©  hjZ>ZLªCWjZLh±{ZLlf¢­sJlgY[m hj  ?V egWjZ5enZ>lnY[cAªCm¬enW¯cfYuz zYuJhjm|egiZDulnZjZKegs[enZ>lnY[c^ªCm¬enWWjm WYuJhjm¬eniZ-hWjZ>hxZz sdsJcgZ5egWjZLm|lw{jlgZKxmpcfm shµ®¶ªCWjZLh±egWjZx´dªln  VmpcC{Z>lg¢­slnY²ZKenWjZm h¢­slnYegm sh±xsJhenum hjZKm h$enWjZcgY[z|z&Yhjm|egijZ5egZ>lnYcm chsz|sJhjZLlhsuegmpxZKujz Z©VWjmpc{jlnsjz Z>Y'ZL{ZLhjcsJhenWjZ5Y[JxWjm hjZw{lgZKxmpcfm shicfZK&®?ªCm¬enW 6 sJenm|h-{sm hJeAx>sY[{jieegm shc{Z>lg¢­slnY[ZLm|h±cfm hjJz|Z{jlnZLx>m cgm sh §
4
dbegZLc ¨ enWjZhiY²ZLlgmpx>zwm hcfenjm|z m|egm ZLcu{j{ZLl¢­slY-ixW z sªZLluz ijZLc$su¢ P enWuh ªCm¬enW 6 sJuegm hj {sm hex>sY[{jieegm shc{ZLlf¢­sJlgY[ZL$m h±jsijjz Z{jlnZLx>m cgm|sJh §
8
benZLc ¨ © h²sijz|Z{jlnZLx>m cgm|sJhegWm c{jlnsjz Z>YjsZKchjsuePu{j{ZLl?ªCm¬enWegWZx>z Jcgcgmpx
M2L
§ mH© ZJ©ªCm|egW²hjs5?V ¨ ¢­slPx>sY[Y[sh-z|ijZKcs¢
P
§ ueAz|ZKcfeAij{egs
P = 40 ¨ cgm|hx>Z5egZLlgYcAlgZ5legWZ>lCY-iz¬enm|{jz m ZL±Z¢­slnZZ>m hjjjZL&©+^sªZLZLlm h¯cgm|hjJz|Z5{jlnZLx>m cgm sh{jlnsz|ZLY[cCxLuh±u{j{ZLlCªCm¬enWxzpcncfmpx
M2L
ieC¢­slCuz ijZKcsu¢
P
Y-ixW$Wjm WZ>legWuh±ªCm¬enWegWjZ??V m Y[{jlnsZ>Y[ZLhJeK©VWjmpcAmpcncfijZWcC{lfenz|b § cgZ>ZcgZLxegm shc© uhj©  ¨ ZLZ>hlnZLcgsz ZKm h  (¶z|z =J0"ªCm|egW±egWZicgZsu¢r >; &:-?V5®m|h±enWjZZLlnZ>ZKc-m Y[Z>hcgm|sJh egWZenZ>lnY[c²ulnZJlgsJij{ZKxLxsJlnm hj±ens¯egWZ>m l[jZ>lnZ>ZKc>¡Ph WjZLhxZx>x>slm hj±egsNegWjZ$Yuhm¬eniZs¢enWjZ>m lhjsJlgY±¡µhNegWjZ  ?V mpc5{Z>lg¢­slnY²ZKN¢­slZ>JZ>lnb¯jz sx´cfZL{ZLlnuegZLz|bJ©VWjZ[{sJm|hef¥¦ªCmpcfZ{jlnsixe5Wc5enWjZ>hegsZ{Z>lg¢­slnY[ZL$jz|sx´db$jz|sx´ªCWm|z Z5icfm hj ; -  & U	!1: -%0;   
 § hY²ZK$Jcm|h1 (rz z =." ¨ uY[shjDegWZjz|sx´cL©·ZZ}{jzpum h$Z>z sª enWjZZ>enum zpcsu¢egWjmpcCjz sx´?V5©
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·ZZ>hsuegZJ®
 B
®enWjZhdijY-Z>lCs¢jz sx´c
 T
®degWZ  fcgm LZ ws¢enWjZjz sx´ § m hegWjZZLlnZ>Z5m Y²ZLhcgm|sJh³¡jªCm|egWjsJie >ZLlgs¥H{Jjm hj¡dcgZ>Z5ZLz|sª ¨
·Z-cgij{j{sJcgZ¤lcveAenWe
P + 1
mpc^[YDijz¬enm|{z|ZDsu¢
T
uh±ªZWSZ5enWdic>®
B = P+1T
©VWZ-jz sx´ZLlncgm shsu¢?egWjZ²?VZKuzpcrsJhjz|bDªCm¬enW[egWjZwZ>JlgZLZLcrm Y[Z>hcgm sh³¡egWjZ^??V1m|hegWjZAsJlnjZ>lrm Y[Z>hcgm|sJhZLm|hijhxWhjZK&©µ·ZCenWjZ>lnZ¢­sJlgZAx>shcgm jZ>l
1D
x>slnlgZ>zpenm|sJhcL®
Lj =
P−j∑
n=0
MnOj+n.
Li
¡
Mi
h
Oi
Z>m hjZ>¤hjZK$sJh³®
J0, P K
©slAuz z
I ∈ J0, B − 1K ªZ5jZ¤hjZ5enWjZjz sx´ M(I) dbQ®
M(I)i =
{
MIT+i ∀i ∈ J0, T − 1K,
0 ∀i ∈ J−(T − 1), 0K.
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0/1& ,232 < 
·ZZ}degZLh$egWjmpcAZ>¤hjm|egm shegs
N
egWuhj´cegs
(2T − 1) {Z>lnm sdjm x>m¬evbJ©¶VWjZcnuY[Z5m cAjshjZ¢­sl O(I) ¡z cgsDZ>}degZ>hZL$egs
N
ªCm¬enW
(2T − 1) {Z>lnm sdjm x>m¬evbJ©²sluz z (I, J) ∈ J0, B − 1K2 ¡h¢­sluz z i ∈ J−(T − 1), T − 1K ¡³ªZ[m|henlgsix>Z²egWjZjz sx´
X(I, J)
dbQ®
X(I, J)i =
T−1∑
n=−(T−1)
M(I)nO(J)i+n.
§ ©  ¨
 ijZPensegWjZ¶jZ¤hjm|egm shs¢z|sx´c
M(I)
uh
O(J)
¡KegWjZ¶cgijY x>hZrcgWjslgegZLhjZL5cL®
X(I, J)i =
∑T−1−i
n=0 M(I)nO(J)i+n
©¸z sdx´
X(I, J)
m c^egWdicwenWjZDlnZLcgijz|ews¢PegWjZ <  xsJlglnZ>zpenm|sJh±su¢¶cgm LZ
2T − 1 Z>evªZLZ>hz|sx´ M(I) hjz sx´ O(J) © ijZAensenWjZwZ>¤hjm|egm shs¢QegWjZKcfZwjz|sx´c § {ZLlgm smpxm|evb²h >ZLlgs¥H{Jjm hj ¨ ¡ªZ^x>hseum hZ}jJx
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ulgegmpxz ZLcL®^cgZ>Z  * 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  º5"h  · +=0"H©PVWjmpc¶m Y[{jlnsZ>Y[ZLhJe¶z|z sªAc?enWjZwx>sY[{jieegm shs¢
M2M
¡
M2L
uh
L2L
s{Z>lenslc?m|h O(P 3) ¡duJm|hcve
O(P 4) ¢­slenWjZ>m l^xzpcncgm xwZLlncgm|sJh³©·ZWSJZ[xWsJcgZ>hNegs¯icgZ[egWZ¢­slnY-ijzpuZZ>enm|z ZLdb ijY[ZLlgsuh  ijlnm cgªuY[mPm|h-!  º."cfm hxZJ®&egWZ>bicfZ[enWjZcnuY[Z5Z¤hm¬enm|sJh¢­sJlcg{jWjZLlgmpx>zQWulnY[shjmpx>cL¡egWjZLbicgZcgbdY²Y[Z>eglnm|ZKc¶enscf{Z>ZKij{$egWjZx>sY[{jieegm sh±uhegWZ>b¢­sxicshjz bsJhenWjZhjZ>ZKZL$lnsuenuegm shcL©P_slnZ>sJZ>l¶egWjZlnZLx>ijlglnZ>hxZ^mpc{Z>lg¢­slnY²ZKsJh$lnZLzQhiY-Z>lc § uhhjse^xsJY²{z|Z>}shjZKc ¨ uhmpccgm|Y[{jz Z5egs[m hjm|egmpegZJ©+AsªZ>JZ>lhjs[{jlnss¢mpcCm ZLh$sJhenWjZhdijY[Z>lnm xLuz&cfenum|z m¬evb$su¢egWjZ5¢­sJlgYDijz Z5icfZK&©
·ZWjZ>lnZ5{jlnZLcgZ>heenWjZ{jlnm|hxm {jz|Z5s¢enWjm c^cgxWjZLY[Zh$egWjZ¢­slnY-iz ZicfZK¢­sJlCsegWcfm hjJz|Zuh$sJijjz Z5WjZ>m We
M2L´JZ>lnhjZ>zpc>©²·Z²Jm|JZuzpcfs$enm|z slnZL¯¢­slnY-ijzpuZD¢­sl5enWjZ wiegZLl §
Okj ¨ h  hhjZ>l § Ikj ¨ ¢­ihx
enm|sJhc>©m huz z|bJ¡³ªZ²ªCm z zPsienz|m hjZenWjZ[¢£xeenWeenWjZ
M2L
xsJY²{ienuegm shªCm¬enWlnsueenm|sJhcwjsZKc5hjsueYuenxW+cveuhjlnN¸¹µywaxLuz z c5uhªZ[ªCm|z zr{jlnZLcgZ>hehdijY[Z>lnmpx>uz³cfenjm z|m|evbxWjZKx´m hj©
    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VWjZDZLhjZ>luzµcnxWjZLY²Z¢­sl
M2L
xsJY²{ienuegm shªCm|egW¯lnsueegm shcCm cw{jmpx
enijlgZKm h¤ilgZº© < ©^·Z-ªCm z|zWjZ>lnZ-m heglnsdjixZenWjZlnZLoijm lgZKYuegWjZLY[uegmpx>zQ¢­slnY-ijzpuZ5uh±Z>enm|zQenWjm c^cgxWjZLY[Z©
1
3
x
y
X
X
z Z1
Z2
2
M2L
Vector
m ijlnZ²º© < ®
M2L
ªCm|egWlnsuenuegm shcL© < ®Alnsueenm|sJh¯su¢renWjZ[xsdslm henZDcgbdcfegZLYcfsegWue5egWjZ
M2L
JZLxegslmpcwz|sJhjenWjZ
zu}dmpcL©Pj®
M2L
{ZLlf¢­sJlgY[ZLuz sh-enWjZ
z
}mpc>©Pºj®?m hdZ>lcgZwlnsueegm sh$x´egs[egWZslnm|Jm|hzx>sdslm|hegZcgbcvenZ>Y±©
I 55 +½ HN Á Â Á , Á  ¾
 Á L:9 Á 8   ·NZ[ZLhjsuenZ Rx(α) ¡ Ry(α) ¡ Rz(α) enWjZ[lgsenuegm shcwsu¢renWjZ * ulgegZLcgmpuhcgbcvenZ>Y»su¢xsdslm henZLcwb¯hjz Z
α
sJielnZLcg{ZLx
enm|JZ>z b
x
¡
y z
}ZLcL®Alnsuenuegm shcwulnZDx>shcgm jZ>lnZL±ens$ZD{Z>lg¢­slnY[ZLm hNegWjZ[xsJijhegZ>lxz sx´dªCm cgZ-m lgZKx
enm|sJh³¡ªCWjZLhz sds´dm|hegsªuljcPenWjZslnm|Jm|h[¢­lnsY z sx>uegm shªCm|egW${scfm|egm Zxsdslm henZAshenWjZ5xslnlnZLcg{sJhm hj}mpc¶s¢³lgsenenm|sJh³©
m ZLh±[{sm he
P
ªCm¬enW¯cf{WjZ>lnm xLuzµx>sdslm|hegZKc
(r, θ, φ)
m h±egWjZsJlgm m hz³xsdslm henZ5cgbcvenZ>Y±¡jenWjZ-cg{jWjZLlgmpx>zµxsdslm|¥
huegZKcCm|h$egWZlgsenenZLcfbcfegZLYulnZZ>hjsegZK&®
(r, θ̂, φ̂)
©
ZLhjZ>luz z|bJ¡uªZ¤lncfe¶xsJhcgm ZLl¶5lnsuenuegm sh § s¢enWjZ * ulgegZKcfmpuh[xsdsJlnm huegZCcfbcfegZLY ¨ b²uhjJz|Z χ sJie z }mpc>¡u¢­sz z|sªZLdb+±lgsenenm|sJh+buhjJz|Z
γ
usieenWjZ
y
}mpc>¡?uh¤huz z|b+±lnsuenuegm shdbhjz Z
π − ω sJieenWjZhjZLª z u}m cL¡µmH© ZJ©|®
Rz(π − ω).Ry(γ).Rz(χ)
©
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$Á KH9 Á 8 Á DHL N ½  9U ,Nj  Á 8 9£J  y^ccgWjsªChm hegWZx>m¬enZL{u{Z>lc>¡¢­slegWZwlnsueegm shc Rz(π−ω).Ry(γ).Rz(χ)enWjZ>lnZZ}mpcvecAxsdZ>°x>m|ZLhenc
T ν,kj (ω, γ, χ)
¡ªCm¬enW
j ≥ 0, |k| ≤ j, |ν| ≤ j ¡cgixWegWueAegWZ-cf{WjZ>lnm xLuz&WlgY[sJhjm xLc Y kj (θ, φ) m henWjZslnm|Jm|huz&xsdslm henZcfbcfegZ>Y x>uhZªClgm|efenZ>h±ªCm¬enWcf{jWZ>lnm xLuzQWulnY[shjmpx>cm h$egWjZlnsueegZK$cgbcvenZ>YJc>®
Y kj (θ, φ) =
j∑
ν=−j
T ν,kj (ω, γ, χ)Y
ν
j (θ̂, φ̂).
§ ºj© < ¨
VWjZcnuY[Z
T ν,kj
{j{jz bshsuegW±hjsJlgYz|m >ZKuh$ihjhjslnYuz m LZL$cf{jWZ>lnm xLuz&WlgY[shm xLc>©
VVXW-YZ'[\Z^]
 G   ^
!
VWjZ wiegZLlwuh  hjhjZLlA¢­ijhxegm shcL¡Qc^jZ¤hjZKm h § < © º ¨ uh¯m|h § < © > ¨ ¡Z>m hjJcfZK±sh±enWjZLcgZDcg{jWjZLlgmpx>z³WulnY[shjmpx>cL¡enWjZ>lnZZ}mpcvecCuzpcfs[xsdZ°x>m|ZLhJec
TO
ν,k
j (ω, γ, χ)
¡jh
TI
ν,k
j (ω, γ, χ)
cfixW$egWeL®
Okj (r, θ, φ) =
j∑
ν=−j
TO
ν,k
j (ω, γ, χ)O
ν
j (r, θ̂, φ̂),
§ ºj©  ¨
h&®
Ikj (r, θ, φ) =
j∑
ν=−j
TI
ν,k
j (ω, γ, χ)I
ν
j (r, θ̂, φ̂).
§ ºj© º ¨
VWjZKcfZ²xsdZ°x>m|ZLhJec
T ν,kj
¡
TO
ν,k
j
uh
TI
ν,k
j
ulnZ-xsJhcgm ZLlgZKegs$ShjmpcfW¢­sJl |ν| > j sJl |k| > j © +AZ>lnZLu¢ egZLlAegWZ>bulnZhY[ZL	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$Á KH9 Á 8 Á D  ,­:90L Á , ½½ 	 L? 8 H9 Á 8   ¹µZe{sm he
P
su¢µcg{jWjZ>lnmpx>uzxsdslm henZLc
(r, θ, φ)
m henWjZwsJlgm m hzxsdslm henZcgbcvenZ>Y±©rVWjZ{suegZLhegmpuz&Z>z|iuegZK$ue
P
ªCm|egW²Y-ijz|egm {sz ZZ}{uhcfm sh$m cL®
Φ(P) =
+∞∑
n=0
n∑
l=−n
M lnO
−l
n (r, θ, φ).
 hegWZlgsenenZL$cfbcfegZ>Y±¡enWjZ{suegZLhegmpuz&ªClnm¬enZLcL®
Φ(P) =
+∞∑
n=0
n∑
ν=−n
M̂νnO
−ν
n (r, θ̂, φ̂),
ªCm|egWegWZhjZ>ª Y-ijz|egm {sz ZZ}{uhcfm shegZ>lnYcCZ>m hjZ¤hZLdb®
M̂νn =
n∑
l=−n
M lnTO
−ν,−l
n (ω, γ, χ).
§ º© > ¨

$Á KH9 Á 8 Á D , Á  , ½ 	 L? 8 H9 Á 8   · m|egWz|sxLuzZ>}{uhcgm sh³¡egWjZw{segZ>henm ze
P
m|h[enWjZ^sJlgm m huzxsdslm henZAcfbcfegZ>YªClnm¬enZLcL®
Φ(P) =
+∞∑
n=0
n∑
l=−n
LlnI
l
n(r, θ, φ).
 hegWZlgsenenZL$cfbcfegZ>Y±¡enWjZ{suegZLhegmpuz&mpcCm ZLhdbQ®
Φ(P) =
+∞∑
n=0
n∑
ν=−n
L̂νnI
ν
n(r, θ̂, φ̂),
ªCWjZLlgZenWjZhjZ>ª z sdxLuz&Z>}d{uhcgm|sJhenZ>lnY[c^ulnZZ>¤hjZK$dbQ®
L̂νn =
n∑
l=−n
LlnTI
ν,l
n (ω, γ, χ).
§ º©  ¨
+ ? Q  , Á 8 HN ½
z
 	9£  VWjZwm Y[{jlnsZ>Y[ZLhJem|hegWjZicgZws¢³lgsenenm|sJhcP¢­sJl
M2L
s{Z>lenslrmpccgZLsJhegWZ^¢£Jx
eegWueenWjZx>sJcfes¢uh
M2L
s{Z>lenm|sJh{ZLlf¢­sJlgY[ZKuz shj-egWjZ
z
u}m c¶m c O(P 3) uJm|hcve O(P 4) ¢­slZ>hZ>luz M2L ©  hZ>ZKenWjZJcgcgsxmpegZK$¹µZ>JZ>hlnZw¢­ijhx
enm|sJhcCJZ>lnm¬¢­bQ®
P mn (1) = δm,0ªCWjZLlgZ
δi,j
m cCegWjZ 25lnshjZKx´ZLlcgbYDsJzU©P·ZWSJZ^enWjZ>lnZ¢­sJlgZJ®
Okj (r, 0, 0) =
{
(−1)j
A0
j
rj+1
= j!rj+1
m|¢
k = 0
¡
0
suenWjZ>lnªCmpcfZJ¡
h&®
Ikj (r, 0, 0) =
{
A0jr
j = (−1)
jrj
j!
m|¢
k = 0
¡
0
suenWjZ>lnªCmpcfZJ©
V
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· WjZLh±egWjZ
M2L
JZLxegsl § Z¤hjZL±db
z2 − z1
m hZ¤hm¬enm|sJh < © º ¨ Wc^cf{jWZ>lnm xLuz³xsdsJlnm huegZLcm h±egWjZ5¢­sJlgY (r, 0, 0) ¡egWZ
M2L
sJ{ZLlnuegslx>hegWjZLhZxsJY[{jiegZKdbQ®
Lkj =
+∞∑
n=0
M−kn O
0
j+n(r, 0, 0) =
+∞∑
n=0
M−kn
(−1)j+n
A0j+nr
j+n+1
.
§ ºj©  ¨
adm hx>Z
M−kn
m|Y[{sJcgZLc
n ≥ |k| ¡ªZWSJZ^¢­sJlAcfm hjz Z5WjZ>m We M2L ´ZLlghZ>zH®
Lkj =
P−j∑
n=|k|
M−kn
(−1)j+n
A0j+nr
j+n+1
,
§ ºj©  ¨
h$¢­slAsJijjz ZWZ>m We
M2L
´Z>lnhjZLzU®
Lkj =
P∑
n=|k|
M−kn
(−1)j+n
A0j+nr
j+n+1
.
§ ºj© G ¨
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M2L
À 9­:N  Á KH9 Á 8   ·Z¯x>h hjsªjZenm|zenWjZcgxWZ>Y[Z${m xegijlnZL m|h ¤JijlgZ±º© < ¢­slNZLhjZ>luz
M2LsJ{ZLlnuegm shªCm|egWNx>Z>z zPxZ>henZ>lA¢­sJlwYDijz|egm {sJz|Z²Z}{hcfm sh
z1
h¯xZLz|zPx>Z>hegZLlA¢­slz sdxLuzZ}{hcfm sh
z2
©5VWjZ
M2L
ZKx
ensl
V = z2− z1
m cx>shcgm jZ>lnZL²egs²WSJZwcg{jWjZ>lnmpx>uzxsdslm henZLcL®
(r, θ, φ)
©P·NZw¤lcvelnsuenuegZ^egWjZ5xsdslm henZ^cgbdcfegZLY'cfs-egWueenWjZAZKx
ensl
V
mpcrz|sJhjegWjZ
z
u}dmpcL©VWjmpcrxLuh[ZAjshjZCªCm|egW[enWjZww¢­sz z sªCm|hj5lnsueegm shc>® Ry(θ).Rz(φ) ©8+^sªZLZLlªZCicgZY[sJlgZJZ>hjZLlnz³cgxWZ>Y[ZªCm|egW
3
lnsueenm|sJhcegWewxLuhZ-icgZ¢­slAegWjZDm|hdZLlncgZlnsuenuegm shcAZ}{scfZK¢ enZ>lgªuljcL©7+^Z>hx>ZªZicgZ Rz(π − ω).Ry(γ).Rz(χ) ªCm|egWµ® ω = π ¡ γ = θ ¡ χ = φ ¡jmH© ZJ©|®
Rz(0).Ry(θ).Rz(φ).
VWjZxsdslm henZLc¶su¢
V
m|henWjZ^hZ>ª xsdsJlnm huegZ^cgbcvenZ>Y ulnZ®
(r, 0, 0)
©?VWZAhjZ>ª YDijz|egm {sJz|ZZ}{hcfm sh[mpcrenWjZ>hm Z>hdb
Ôkj
§ cfZLZ § ºj© > ¨g¨ ©?· m¬enW § º©  ¨ ªZAx>sY[{jienZ L̂kj ªCWjm xW[lnZ>{jlnZLcgZ>he?egWZCz|sx>zjZ}{hcgm|sJhDm h²egWjZClnsueegZK[xsdslm henZcgbcvenZ>Y±© h±slZLlensseum henWjZz sdxLuz&Z>}d{uhcgm|sJhm hegWjZsJlgm m huz&cgbcvenZ>Y±¡ªZWSZwegs[icgZ § ºj©  ¨ ªCm|egWegWZm|hdZLlncgZlgsenenm|sJh³®
Rz(π − φ).Ry(θ).Rz(π). hjZ>ZL$enWjZm|hdJZ>lcfZlgsenuegm sh$¢­slegWZJZ>hjZLlnz³cgxWZ>Y[Z5m cL®
Rz(−χ).Ry(−γ).Rz(−(π − ω)) = Rz(π − χ).Ry(γ).Rz(ω).
§ º© = ¨
 h x>shx>z|icfm sh+ªZhjZ>ZK+egsx>sY[{jienZegWZ¢­sz z|sªCm hjlnsueegm sh x>sZ>°xm Z>hencL®
TO
ν,k
j (π, θ, φ)
uh
TI
ν,k
j (φ, θ, π)
¡?¢­slDuz z
j ≥ 0, |ν| ≤ j, |k| ≤ j ©
I 5 ?  Á  L µ:9 8  :N ½  Á L:9 Á 8  Á³½   9 ½ 8 L
_scvesu¢³enWjZw¢­sz z|sªCm hj¢­sJlgYDijz Z^ulnZ^cgm|Y[{jz blnZ>ªClnm|egm hjsu¢&enWjsJcgZ^{lgZKcfZLhJenZLm h !  º."¦©rVWjZwx>sY[{jz ZenZ^Y[ZenWjsicgZLens²x>sY[{jienZwenWjZlgsenenm|sJhxsdZ>°x>m|ZLhencm cJm|JZ>hueenWjZ5Z>hsu¢³enWjm cCcgZLxegm sh³®?uz zegWjZ5YenWjZ>Yuegmpx>uzJx´JlgsJijh[mpc¤lncfe{jlnZLcgZ>henZL&©

$Á KH9 Á 8 j>9	  ¹³Z>e
V
ZLhjsuenZ^5ZKx
enslPªCm|egW * ulgegZKcfmpuh[xsdsJlnm huegZLc
(x, y, z)
m hxsdsJlnm huegZCcfbcfegZ>Y
(ix, iy, iz)
©
yA¢ egZ>lcfsJY[Zlnsueenm|sJhc²su¢egWjZx>sdslm|hegZ±cgbdcfegZLY±¡ªZ¯Z>hsuegZ
V̂ = (x̂, ŷ, ẑ)
m¬echjZ>ª xsdsJlnm huegZLc[m h1egWjZlnsueenZL
x>ssJlnjm|huegZcgbdcfegZLY
(ibx, iby, ibz)
©P·NZ5enWjZ>hZLhjsuenZ
Q
enWjZ5¢­sz z sªCm|hj²lnsuenuegm sh$Y[ueglnm¬}&®
V̂ = QV
¡jmH© ZJ©
Q =


ibx.ix ibx.iy ibx.iz
iby.ix iby.iy iby.iz
ibz.ix ibz.iy ibz.iz

 § º© <  ¨
ywcCZ}{sJcgZL$m|h±cfZKx
enm|sJh±º© < © < ¡ªZ¢­sxicAsh$egWjZlnsueegm shc>® Rz(π − ω).Ry(γ).Rz(χ) ©  h$egWm cAxLcgZ¡ªZ5WSZJ®
Q(ω, γ, χ) =
2
4
− cos ω sin ω 0
− sin ω − cos ω 0
0 0 1
3
5
2
4
cos γ 0 − sin γ
0 1 0
sin γ 0 cos γ
3
5
2
4
cos χ sin χ 0
− sin χ cos χ 0
0 0 1
3
5
VVXW-YZ'[\Z^]
ºJ   ^
!
wlK®
Q(ω, γ, χ) =
2
4
− cos ω. cos γ. cos χ − sin ω. sin χ − cos ω. cos γ. sin χ + sin ω. cos χ cos ω. sin γ
− sin ω. cos γ. cos χ + cos ω. sin χ − sin ω. cos γ. sin χ − cos ω. cos χ sin ω. sin γ
sin γ. cos χ sin γ. sin χ cos γ
3
5
 	
Q(ω, γ, χ)
mpcCuh±sJlfenWjsJshzYenlgm|}$hY[sJlgZLsZ>lªZWSZ § cgZ>Z5ZLoiuegm sh § º© = ¨f¨ ®
Q−1(ω, γ, χ) = Q(χ, γ, ω).

$½ -µ:9 ½  Á MLL:9 Á 8 Á D
T ν,kj
 ·Z-icgZenWjZDcnuY[Z-Z>¤hjm|egm sh¯s¢PegWjZ[cg{jWjZ>lnmpx>uzµWulnY[shjmpx>c
Y kj
§ cgZ>Z § y-©  ¨f¨ cm h%!  º0"¦©  h$egWjZLm|l{{ZLlL¡ ijY[ZLlgs   ijlumpcfªuY[micgZwenWjZ5ZLoiuegm sh § © ºU= ¨ § ªCm¬enW$m hxlnZLJcfm hj²Z>JlgZLZLc j ¢­sl T ν,kj ¨Jc-uh+Z>}Y[{jz|Z¢­sl-±lnZLx>ijlncgm ZxsJY[{jienuegm sh+su¢enWjZ
T ν,kj
®DªZWjZLlgZ{lgZ>¢­Z>lenWjZ>m l-ZKoJiegm sh § ©  G ¨ ªCm|egW ZLx>lgZKcgm|hjZLlnZ>ZKc>©· m|egWegWZY[ueglnm¬}
W
Z>¤hjZK$db § ªCm¬enW
i =
√
−1 ¨ ®
W =


ix. (ibx − iiby) ix. (ibx + iiby) −2ix.ibz
iiy. (ibx − iiby) iiy. (ibx + iiby) −2iiy.ibz
− 12 iz. (ibx − iiby) − 12 iz. (ibx + iiby) iz.ibz


§ ©  G ¨ m h1   º5"³m cL®
2b−m−1n+1 T
ν,m+1
n+1 = (W1,1 + W2,1)b
−ν
n+1T
ν−1,m
n + (W1,2 + W2,2)b
ν
n+1T
ν+1,m
n + (W1,3 −W2,3)aνnT ν,mn .
· m|egW1egWZ±x>shdZLhegm sh
T ν,mn = 0, ∀(n, m)/|m| > n
¡ªZ±WSJZenWjZ¢­sz z|sªCm hjZLoienm|sJhc § ªCWjmpxW3xslnlnZLcg{sJh+egs§ © º ¨ h § © ºº ¨ m h1   º5" ¨ ®
2b−m−1n+1 T
n+1,m+1
n+1 = (W1,1 + W2,1)b
−n−1
n+1 T
n,m
n ,
2b−m−1n+1 T
−n−1,m+1
n+1 = (W1,2 + W2,2)b
−n−1
n+1 T
−n,m
n .· m|egW § º© <  ¨ uh § ºj© <U< ¨ ¡jªZsJenm|h$egWZ5¢­sz z|sªCm hj²lgZLz uegm shcgWjm {$ZevªZ>ZLh W ªCm¬enW Q ®
W1,1 + W2,1 = Q1,1 + Q2,2 + i(Q1,2 −Q2,1) = (cos γ + 1)eiχei(π−ω),
W1,2 + W2,2 = Q1,1 −Q2,2 + i(Q1,2 + Q2,1) = (cos γ − 1)eiχe−i(π−ω),
W1,3 + W2,3 = −2 sin γ.eiχ.
+^Z>hx>Z®
T ν,m+1n+1 =
eiχ
b−m−1
n+1{
1
2
[
(cos γ + 1) ei(π−ω)b−νn+1T
ν−1,m
n + (cos γ − 1)e−i(π−ω)bνn+1T ν+1,mn
]
− sin γaνnT ν,mn
}
.
VWjmpclnZLxilncgm|sJhmpcC{Z>lg¢­slnY²ZKm h
C
®PªZ5ªCm z|zµhjsª cgm|Y[{jz m|¢­bm|e^cfsDegWueAm¬eAªCm z z³ZWZ>zp$m h
R
©

$½ -µ:9 ½  Á  L µKH9 Á 8 9 8
R
 · WjZLh {Z>lg¢­slnY[m|hNlnsueegm sh Rz(α) sh egWjZcg{jWjZLlgmpx>zWulnY²sJhjmpx Y kj (θ, φ) ªZcgm|Y[{jz bWSZ®
Y kj (θ, φ) = e
ikαY kj (θ̂, φ̂)
©P·Zx>henWdicAZKxsY[{sJcgZ
T ν,mn (ω, γ, χ)
c § sJhxZJm|h$ªZ5lnZ¢­Z>lens    º5"¢­sJlAZeum z cAh$Z}{jz m x>m¬eA{jlnsdsu¢ ¨ ®
T ν,mn (ω, γ, χ) = e
imχe−iνωHν,mn (γ)
§ º© <  ¨ªCm|egW
Hν,mn (γ) ∈ R
©VWjZ5lnZLx>ijlncgm ZZLoienm|sJh¢­sJl
Hν,mn (γ)
mpc>®
Hν,m+1n+1 =
1
b−m−1
n+1
{
1
2
[
− (cos γ + 1) b−νn+1Hν−1,mn − (cos γ − 1)bνn+1Hν+1,mn
]
− sin γaνnHν,mn
}
.
§ º© < º ¨
VWjZ5lnZLx>ijlncgm shmpcCm hjm|egmpegZKªCm¬enW
Hν,0n (γ)
enWuh´dcens[egWjZ5¢­sJz|z sªCm hjDz Z>Y[Yj®
V
  	

! #"$	%&' (&)
*,+'-.
0/1& ,232 º <
Q ½   I 5
Hν,0n (γ) = (−1)ν
√
(n− |ν|)!
(n + |ν|)!P
|ν|
n (cos γ).
   H + A·ZicgZwenWjZcgY[Z5cnxWjZLY²Z5c !  º."³¢­sJlegWjZLm|lAx>sY[{jieegm shµ©r\^uY[ZLz|bªZxshcfmpZ>l Rz(π − ω).Ry(γ).Rz(0)ªCm|egW
V = (r, θ, φ)
©
θ
m cWZ>lnZ[egWjZhjz Z[Z>evªZLZ>h
V
Z>e
iz
®-m¬e-mpcz cgsegWjZhjz Z[Z>evªZLZ>h
V̂
Z>e
ibz
©$_sJlgZLsZLlwenWjZcg{jWjZLlgmpx>zx>sdslm|hegZKc-s¢
z
m|h egWZ$lnsueegZK x>ssJlnjm|huegZcfbcfegZ>Y
(ibx, iby, ibz)
lgZJ®
(1, γ, ω)
© y^{j{jz bdm|hjNegWZ±yCm¬enm|sJhVWjZLslnZ>Y(¢­sJl § ijhjhslnY[z|m >ZK ¨ cf{WjZ>lnm xLuzWlgY[shm xLc § egWjZLslnZ>Y  ¨ ZevªZ>ZLh V uh z m h1egWjZ±lnsueegZK cgbcvenZ>Y(enWicbdm Z>zpjc>®
Pn(cos θ) =
n∑
ν=−n
Y −νn (γ, ω)Y
ν
n (θ̂, φ̂).
·Zm jZ>hegm|¢­benWjm cAZLoienm|sJh$ªCm|egWenWjm cAshjZ § sJenm|hZL$¢­lgsJY § º© < ¨f¨ ®
Pn(cos γ) = Y
0
n (θ, φ) =
n∑
ν=−n
T ν,0n (ω, γ, 0)Y
ν
n (θ̂, φ̂)
ªCWjmpxW±m ZKc¶¢­sJlAuz z
χ
®
T ν,0n (ω, γ, χ) = Y
−ν
n (γ, ω).·ZZLjixZJ®
Hν,0n (γ) = Y
−ν
n (γ, 0) = Y
ν
n (γ, 0).
m huz z|bJ¡ªCm¬enW § y-© º ¨ uh$ZKx>icfZenWjZhjslnYuz m LZL$cf{jWZ>lnm xLuz&WlgY[shm xLc¶¢­sJlgY uh±slgegWjsJhjslnYuzcgmpc>¡ªZ5WSZJ®
T−ν,−mn (γ, χ) = T
ν,m
n (γ, χ),
§ º© < > ¨
h$egWjZLlgZ>¢­slnZwªCm|egW § º© <  ¨ ®
H−ν,−mn (γ) = H
ν,m
n (γ).
§ º© <  ¨_sJlgZLsZLl § cfZLZ § ©  ¨ m h1   º5" ¨ ªZ5WSZ5uzpcgs®
Hν,mn (γ) = H
m,ν
n (γ).
§ º© <  ¨
VWjZKcfZ5evªs²ZLoienm|sJhcL¡ § ºj© <  ¨ uh § º© <  ¨ ¡lgZ5icgZ¢­iz&egs²¢£cfegZLhegWjZx>sY[{jieegm shsu¢egWjZ Hν,mn (γ) § cgZ>ZZ>z sª ¨ ©
 Á  LLjH9 Á 8 Á D
TO
ν,k
j
 8 Â
TI
ν,k
j
 jlnsY9egWjZ^jZ¤hjm|egm shs¢QegWjZ wijegZ>luh  hjhjZLlr¢­ijhx
egm shc>¡ § < © < ¨ uh § < ©  ¨ ¡uhenWjZZ¤hjm¬enm|sJh±su¢egWjZLm|lAx>slnlgZKcf{shjm|hj²lnsuenuegm shxsdZ°xm Z>hec>¡ § ºj©  ¨ uh § ºj© º ¨ ¡jªZZLjixZªCm|egW § º© < ¨ ®
TO
ν,k
j = i
|k|−|ν|A
ν
j
Akj
T ν,kj ,
§ º© <  ¨
h&®
TI
ν,k
j = i
|ν|−|k|A
k
j
Aνj
T ν,kj .
§ º© <:G ¨
· m|egW § º© < > ¨ ¡ªZ5WSJZ5z cgs®
TO
−ν,−k
j = (−1)k+νTOν,kj ,
TI
−ν,−k
j = (−1)k+νTIν,kj .
 Á  LLjH9 Á 8 L Á  ½ Âµ ½  m|JZ>h+egWZ
Hν,0n (γ)
ªCm|egWz Z>Y[Y¯º© < h § º© <  ¨ ¢­sJl n = J0..P K uh |ν| ≤ n ¡?ªZicgZ § ºj© < º ¨ uh § º© <  ¨ ens$x>sY[{jienZ-enWjZ Hν,mn (γ) ¢­sl n = J0..P K ¡ |ν| ≤ n uh |m| ≤ n © TOν,kj uh TIν,kj ulnZenWjZ>hZKix>ZL$¢­lgsJY
Hν,mn
ªCm|egW § º© <  ¨ ¡ § ºj© <  ¨ h § ºj© <HG ¨ ©+^sªZLZ>l¶egWjZLlgZmpc¶hjs²hjZLZL¢­sJl¶enWjZxsJY²{ienuegm shs¢
TO
ν,k
j
uh
TI
ν,k
j
ensDZJx>x>Z>z Z>legZK&®m¬eªCm|z zQm|hZ>ZKZ{ulgesu¢enWjZD{lgZKxsY[{jijenenm|sJh¯su¢
M2L
egluhcf¢­Z>l^¢­ijhxegm sh¯¢­sJlm ZLhz|ZLZ>z § cgZ>Z[cgZLx
enm|sJh < © < ¨ uh¯m¬ecwlnijhegm Y[Z-mpchjsue5xlnm¬enm xLuzuewuz zU©  e^mpcAWZ>lnZY[slnZm|Y[{slgenuheAens[¢­sxic^sh±egWZ-hdijY[Z>lnm xLuzµcfenjm z|m|evbs¢enWjZDx>sY[{jieenm|sJh±cnxWjZLY²Z-icfZK¢­slCenWjZLcgZlnsueegm sh±xsdZ>°x>m|ZLhenc § cgZ>ZcgZLxegm sh±ºj© > ¨ ©
VVXW-YZ'[\Z^]
º   ^
!
I 5 I  Á  L , ½ 	9­ ¾
ywc¢­slegWjZsJ{ZLlnuegm shDx>sijhePcvenibs¢jegWZ??Vm Y[{jlnsZ>Y[ZLhJe¢­sl
M2L
¡SªZWjZ>lnZCshjsuerxsJhcgm ZLlµenWjZ{jlnZLxsJY[{jienuegm sh{Z>lg¢­slnY[ZLshx>Z5¢­slenWjZZLJxW$z Z>JZ>zH©¶VWjZ
TO
ν,k
j (π, θ, φ)
¡
TI
ν,k
j (φ, θ, π)
uh
Okj (r, 0, 0)
lgZ5enWjZ>lnZ¢­sJlgZ5hjseCenu´JZ>hm|hensJx>xsJijheL©sl
1 M2L
¡dªZ5egWdicCxsJhcgm ZLlL®
 1
lgsenenm|sJh¢­sJlCegWjZ5YDijz¬enm|{sz ZZ}{hcgm|sJh
 1 M2L
z|sJhj²egWjZ
z
u}dmpc
 1
lgsenenm|sJh¢­sJlCegWjZ5z sx>uz&Z>}{uhcgm sh
 L ½ SjH9 Á 8  Á 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 &'^$& ;   
M2LROT =
(P + 2)(14P 2 + 41P + 36)
24
.
   H + A·ZWSZJ¡ªCm¬enW
Q = P/2
§ m hJenZ>JZ>lAm dm cgm|sJh ¨ ®
ROT (Multipole) =
Q∑
ν=0
P−ν∑
j=ν
j∑
k=−j
=
(P + 1)(P + 2)2
4
≈ 1
4
P 3,
M2Lz =
P∑
j=0
min(j,P−j)∑
k=0
P−j∑
n=k
=
(2P + 3)(P + 4)(P + 2)
24
≈ 1
12
P 3,
ROT (Local) =
P∑
j=0
j∑
ν=0
Min(j,P−j)∑
k=−Min(j,P−j)
=
(P + 2)(P 2 + 2P + 2)
4
≈ 1
4
P 3.
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M2L
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 &'^$& ;   
M2LROT 2P =
(10P + 9)(P + 2)(P + 1)
6
.
   H + A·ZWSZJ®
ROT (Multipole) =
P∑
ν=0
P∑
j=ν
j∑
k=−j
=
(4P + 3)(P + 2)(P + 1)
6
≈ 2
3
P 3,
M2Lz =
P∑
j=0
j∑
k=0
P∑
n=k
=
(2P + 3)(P + 2)(P + 1)
6
≈ 1
3
P 3,
ROT (Local) =
P∑
j=0
j∑
ν=0
j∑
k=−j
=
(4P + 3)(P + 2)(P + 1)
6
≈ 2
3
P 3.
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2 × (P + 1)2
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TI1,I2 [P ] =


BI1,I2 BI1,I2+1 . . . BI1,P−(I1+1) BI1,P−I1
BI1+1,I2 BI1+1,I2+1 . . . BI1+1,P−(I1+1) 0
©©© ©©© ©©© ©©© ©©©
BP−(I2+1),I2 BP−(I2+1),I2+1 . . . 0 0
BP−I2,I2 0 . . . 0 0


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BI1+1,I2 BI1+1,I2+1 . . . BI1+1,P
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BP,I2 BP,I2+1 . . . BP,P


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 ¢­slCsjuz ijZLcs¢ P = 2Q + 1 ®
TI1,I2 [P ] = TI1,I2 [2Q + 1] =
[
DI1,I2 [Q] TI1 ,I2+Q+1 [Q]
TI1+Q+1,I2 [Q] 0
]
,
§ >© > ¨
 ¢­slCZLZ>huz ijZLcs¢ P = 2Q ®
TI1,I2 [P ] = TI1,I2 [2Q] =
[
DI1,I2 [Q] TI1,I2+Q+1 [Q− 1]
TI1+Q+1,I2 [Q− 1] 0
]
.
·Zx>uhegWjZLh¢­ijlfenWjZ>lCZKxsJY²{sJcgZ
TI1 ,I2+Q+1 [. . .]
uh
TI1+Q+1,I2 [. . .]
¡ªCWm xW±ulnZwcg{ulcgZwYenlgmpxZKcegsds¡dijhegm zµenZ>lnY²m hzµx>JcfZ5ZenZ>lnY[m|hjZKbegWjZuz ijZs¢
Q
©slCZ}jY²{z|ZJ¡z|Z>e  cAxsJhcfmpZLl
P = 3
¡ªZ5WSJZ®
TM2L = T0,0 [3] = T0,0 [2× 1 + 1] =


O00 O
1
1 O
0
1 O
−1
1 O
2
2 O
1
2 O
0
2 O
−1
2 O
−2
2 O
3
3 O
2
3 O
1
3 O
0
3 O
−1
3 O
−2
3 O
−3
3
O01 O
1
2 O
0
2 O
−1
2 O
2
3 O
1
3 O
0
3 O
−1
3 O
−2
3 0 0 0 0 0 0 0
O−11 O
0
2 O
−1
2 O
−2
2 O
1
3 O
0
3 O
−1
3 O
−2
3 O
−3
3 0 0 0 0 0 0 0
O02 O
1
3 O
0
3 O
−1
3 0 0 0 0 0 0 0 0 0 0 0 0
O−12 O
0
3 O
−1
3 O
−2
3 0 0 0 0 0 0 0 0 0 0 0 0
O−22 O
−1
3 O
−2
3 O
−3
3 0 0 0 0 0 0 0 0 0 0 0 0
O03 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O−13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O−23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
O−33 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


ªCWjmpxW±x>uh±ZZLx>sY[{scfZK¢­sJz|z sªCm hj § >© > ¨ m h D0,0 [1] ®
D0,0 [1] =


O00 O
1
1 O
0
1 O
−1
1
O01 O
1
2 O
0
2 O
−1
2
O−11 O
0
2 O
−1
2 O
−2
2

 ,
hm h
T0,2 [1]
uh
T2,0 [1]
®
T0,2 [1] =


O22 O
1
2 O
0
2 O
−1
2 O
−2
2 O
3
3 O
2
3 O
1
3 O
0
3 O
−1
3 O
−2
3 O
−3
3
O23 O
1
3 O
0
3 O
−1
3 O
−2
3 0 0 0 0 0 0 0
O13 O
0
3 O
−1
3 O
−2
3 O
−3
3 0 0 0 0 0 0 0


VVXW-YZ'[\Z^]
>d   ^
!
T2,0 [1] =


O02 O
1
3 O
0
3 O
−1
3
O−12 O
0
3 O
−1
3 O
−2
3
O−22 O
−1
3 O
−2
3 O
−3
3
O03 0 0 0
O−13 0 0 0
O−23 0 0 0
O−33 0 0 0


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¹ywaZ>lcgm|sJhuhegWjZ??V m Y[{jlgsJZ>Y[Z>heªCm¬enW$jz sx´clgZ^egWjZ5Y[sJcfeZ>°x>m|ZLheZ>lcgm|sJhc>©²· Wjm z|ZegWjZ¸¹µya¯JZ>lcfm shNm c-uz ªSbcw¢£cfegZLlm|h x>JcfZ²su¢CsJijjz ZWjZ>m We´ZLlghjZLzU¡³egWjZjz sx´??V9mpc¢£JcvenZ>l-ªCm|egW1cfm hjJz|ZWZ>m We-´ZLlghZ>zr¢­sJl-Wjm W {jlgZKxmpcfm shc>©<+^sªZLZ>l5enWjZY[ZLY²sJlgblnZLoijm lgZLY²ZLhencs¢egWjZjz sdx´+??V cªZ>z z³cegWZlnZ>Ym|hjm hjDhiY²ZLlgmpx>zQm|hcfenjm z|m|egm ZLcL¡{jlnZLxmpcgZ>z bD¢­sJlWjm|JW${lgZKxmpcfm shcL¡z|m Y[m¬e^cgZ>JZ>lnZ>z bDenWjZ5ZLhjZ¤em|eCsu«QZ>lc¢­sllnijhegm Y[ZDm h¯enWjm c5xLcgZ©VWjmpcwmpclgZLm|hj¢­slxZL±ªCWZ>hNx>sY[{lgm hjenWjZDeglZLsu«+Z>evªZLZ>h{lnJx
egmpx>zJx>x>ijlnJxb±uh¯lgijhenm|Y[ZY²sJhj[uz zJZ>lcfm shc>®µegWjZ¸¹µyaªCm|egW±sijz|ZWjZLm|JWJeC´JZ>lnhjZ>zm cenWjZ>h±uz ªSbc¶egWjZ5Y[sJcfeZ°xm Z>heL¡ªCWm|z Z5m|heglnsix>m|hjDhjshdijY[Z>lnmpx>uz&m hcfenjm|z m|egm ZLcAhz sª Z>}degl-Y[Z>Y[sJlgblnZLoijm lnZ>Y[Z>hencL© e^WcensZhsuegZKegWue^m h  5~#=d&"hm|h  * 5~#= =0"¦¡[hjZLª JZ>lcfm shsu¢egWZ-?_¯_ÃWcAZLZ>hm hJenlgsixZL³©¸cgZLsJhZ>}{sJhjZ>hegmpuzPsJl  f{jz hjZ[ªSJZ DZ>}{uhcgm shcL¡³m|e-z|ZKjcensm|Y[{jlnZLcncgm|JZ[cg{Z>ZLjij{ xsY[{lgZK¯ens±egWjZsJlgm m hz?¢­slnY-ijzp¥enm|sJhsu¢¶egWjZ?_¯_ ©&VWjmpchjZ>ª Z>lcgm|sJhlgZKoJim|lnZLcwWjsªZ>ZLl^Y[slnZDx>sY[{jz Z}YenWjZ>Yenm xLuz?Jx´JlgsJijhhenWicwY[sJlgZm Y[{jz|ZLY[Z>henuegm sh¯ªsln´Q©wadm hxZDhjs¢­lnZ>Z²xsZ-s¢PegWjmpcwhjZ>ª JZ>lcfm sh±mpcwx>ijlglnZ>henz|b±Sum z jz|ZJ¡ªZWSJZhjsewbZ>ewZ>ZLhNuz|ZensxsY[{lgZm|eAªCm¬enWsJijlC¸¹µywa$JZ>lcfm sh³©?\AZLZLlfenWjZ>z ZLcnc>¡m|eAWJcegs[ZhsuegmpxZKenWeCenWjmpcChjZ>ª ZLlncgm|sJhm Y[{scfZKcegZLjm|sJicJju{eenm|sJh$ZevªZ>ZLh$enWjZZ>lnlnslm|henlgsix>ZL$dbegWjZ-Y-ijz|egm {sJz|Zh$z|sx>z&Z}{hcfm shcsu¢µenWjZ?_¯_(uhenWjZZ>lnlgsJlCijZens-enWjZwicfZsu¢µ{z hjZ^ªSZKc>®shjz b¢­ZLª {jlnZLxmpcgm|sJhc¶lgZ^egWdicSum z jz|ZJ©VWZwicgZ^s¢µ{jzpuhjZªSZLcrm cbZ>e{lgsJY²mpcgm|hjDuhmpcAcfegm z|z³m hdZKcvenm|egZK § cfZLZ   +^->9" ¨ © henWjZA¢­ijegijlnZ¡ªZw{jzpuh[egs²u{j{z|b[¸¹µywa[egsenWjZwJju{enm|JZAZLlncgm sh[su¢QegWZw?_¯_ § cfZLZ  * 5~ GUG "Qsl \2¹· =U>0" ¨ ¡duhenWjZ>h[enscfZLZCWjsª enWjmpcPªCm|z zjYexW[m¬ecr{lnz|z Z>z m Kenm|sJh¢­sl¶segWijhjm|¢­slnY h²hjsh[ijhm¬¢­sJlgY m cfeglnm jiegm shcPshmpcvenlgm jienZLY[Z>Y[sJlgblnxWm¬enZLx
enijlnZLcL©
: $ 'C)A,BCD%
·Z^ulnZlenZ¢­ijzens ijm z|zpuijY[ZA¹egiµ¡  * qa¥ ¹a f V § ¹uslegsJm|lnZZLc¶ajxm Z>hx>ZLcrZCz  Y[ZJ¡JZCz  hj¢­slnY[uegmpoijZCZe¶Z^z VkLz|kKkenZLx
enm|sJh ¨ h  \^~  y * y^¹)(  {jlnsutvZKx
eK¡u¢­slcfZLZLlnzjWjZ>z {¢­ijzQmpcgx>icncfm shcrsh[egWZAijhZLlgz bdm|hegZKxWjhjmpoJiZLcrs¢³¸¹ywah$egWjZLm|lCm hegZ>Jlnuegm sh$m|hegWZ__ ©
VVXW-YZ'[\Z^]
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·Zm|henlgsix>ZDWZ>lnZ-enWjZcf{WjZ>lnm xLuz?WlgY[shm xLc^ªCWjmpxW+ulnZ-enWjZ[cgm cs¢¶egWZ²YDijz|egm {sJz|Zh¯z sx>uzPZ>}{uhcgm shcwicgZLNm|henWjZ?_¯_ ¡h$egWjZJcgcgsxmpegZK¹µZ>ZLhlnZ^¢­ihx
enm|sJhcegWZ>b$lgZwegWZ>YcfZLz|JZLcJcfZKsJh³©
  -    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  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 
 h
3D
cf{JxZªZicgZ¶enWjZ¢­sz z|sªCm hj5xsJhJZ>hegm shµ¡Sx>sY[Y[shjz bicgZLDm|hD{jWdbcfmpx>cL¡¢­slenWjZCcf{jWZ>lnm xLuzdxsdslm henZLc®
θ
Z>hsuegZKcenWjZwx>su¥¦z uegm|egim hzxsdsJlnm huegZ § ªCm|egW
θ ∈ [0, π] ¨ h φ egWjZwz|sJhjm|egijm|hzx>ssJlnjm|huegZ § ªCm¬enW φ ∈ [0, 2π[ ¡ φ x>slnlgZKcf{shcens[egWjZ{szpulCuhz Zm h±{sJz lAxsdslm henZLc ¨ JcCcfWsªCh$m h¤ijlnZy© < ©
x
φ
y
0
θ
r
z
P (r, θ, φ)
m ilgZy© < ®rad{WjZ>lnm xLuz³x>ssJlnjm|huegZKcs¢{sm he
P (r, θ, φ)
©
·ZZ¤hjZ5egWjZ¹µZ>JZ>hlnZ{sJz|bdhjsJY²mpuzpcªCm|egW~Cslnm|JijZLc ¢­slnY-ijzpj®
Pl(x) =
1
2ll!
dl
dxl
(
x2 − 1
)l ∀ l ≥ 0.
VWjZJcgcgsxmpenZL¹µZ>JZ>hlnZ¢­ijhxegm shcL¡
P ml
¡ulnZ5jZ¤hjZKbQ®
P ml (x) = (−1)m(1− x2)m/2
dm
dxm
Pl(x) ∀ (l, m) ∈ N2 with 0 ≤ m ≤ l.
·ZZ}degZLh$egWjZjZ¤hjm|egm sh±s¢µegWsJcgZ5¢­ijhx
enm|sJhcegshZ>Juegm Zuz ijZLcs¢
m
§ ªCm¬enWcvenm|z z |m| ≤ l ¨ cL®
P−ml (x) = (−1)m
(l −m)!
(l + m)!
P ml (x).
§ y-© < ¨
VWjZ5¢­sJz|z sªCm hjD{lgsJ{ZLlfenm|ZKcCuz z|sª h±Z°xm Z>heAxsJY²{ienuegm shsu¢egWjscfZ¢­ijhxegm shcL®
(l −m)P ml = x(2l − 1)P ml−1 − (l + m− 1)P ml−2,
P mm = (−1)m(2m− 1)!!(1− x2)m/2,ªCWjZLlgZ
n!!
ZLhjsuenZLcegWZ{jlgsix
eAsu¢?uz z&sjm|hegZLZLlncZLoiz&slCz sªZLlegWh
n
©ry^h&®
P mm+1 = x(2m + 1)P
m
m .
+^Z>lnZulnZ^enWjZ5¤lcveAcncgsdx>m uegZK$¹µZ>ZLhlnZ^¢­ihx
enm|sJhc>®
P 0
0
(x) = 1 P 0
1
(x) = x P 0
2
(x) = 1
2
(3x2 − 1) . . . . . .
P 1
1
(x) = −(1 − x2)
1
2 P 1
2
(x) = −3x(1 − x2)
1
2 P 3
3
(x) = −15(1 − x2)
3
2 P 3
4
(x) = −105x(1 − x2)
3
2
P 2
2
(x) = 3(1 − x2) P 4
4
(x) = 105(1 − x2)2
. . .m|hz|z b¡ªZ5WSJZ^enWjZ5¢­sz z|sªCm hj[{jlns{Z>lgevbsu¢{ulnm¬evbQ®
P ml (−x) = (−1)m+lP ml (x).
V
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· m|egWegWjZ[cncfsx>m uegZL¹µZ>JZ>hlnZ¢­ijhx
egm shc
P ml
Z}denZ>hZK±egs$hjZ>enm|JZuz ijZLcwsu¢
m
¡&cZ¤hZLm h § y© < ¨ ¡&$xsY[Y[shZ>¤hjm|egm sh±su¢egWZcf{jWZ>lnm xLuzQWulnY[shjmpxsu¢ U& - & &
l
h 	 &'
m
¡jªCm¬enW
l ≥ 0 Ze −l ≤ m ≤ l mpcL®
Υml (θ, φ) =
√
(2l + 1)
4π
(l −m)!
(l + m)!
P ml (cos θ)e
imφ.
+^sªZLZ>lK¡dcY[Z>hegm shZLdb< lnZ G G "¦¡degWjZhjsJlgYz|mpcguegm sh¢£x
ensl √ (2l+1)
4π
xLuh±Zmpcnx>ulZKm hegWjZ?_¯_ÃxsJY[{ji¥
eegm shµ©·ZegWjZLlgZ>¢­slnZCxshcfmpZ>l?WjZLlgZK¢ enZ>lrcg{jWjZ>lnmpx>uzdWlgY[sJhjm xLc?Z¤hZL²ªCm¬enWjsijePegWjmpcPhjsJlgYuz mpcguegm sh¢£Jx
enslK©_sJlgZLsZ>lm hslZ>lregs-cgm|Y[{jz m|¢­b-enWjZC¢­slnY-iz Z¢­slPenWjZAs{Z>lenslc?icgZL[m h[egWjZ^?_¯_ § cgZ>ZAcgZLx
enm|sJh < © © < ¨ ¡ªZ^m|heglnsix>Z εm Z¤hjZLdbQ®
εm =
{
(−1)m m|¢ m ≥ 0,
1
suenWjZ>lnªCmpcfZ
,cgs²egWueAsijl § ijhjhjsJlgYuz m >ZL ¨ cg{jWjZLlgmpx>z&WulnY[shjmpx>clgZ5Z¤hjZLdbQ®
Y ml (θ, φ) = εm
√
(l −m)!
(l + m)!
P ml (cos θ)e
i.m.φ,
§ y©  ¨
ªCWjmpxWx>hz cgsDZªClnm¬egegZ>h § ªCm¬enWjsieCenWjZ
P ml
ªCm|egW±hjZLJenm|JZwsJlnjZ>lc ¨ ®
Y ml (θ, φ) = (−1)m
√
(l − |m|)!
(l + |m|)!P
|m|
l (cos θ)e
i.m.φ.

$½     *5  $/F U&  !
*-1:\^ &^" 
 C
!/& -&  F'&\    "$
 -  &)  -^
/      
· WjZLh¯hjsJlgYuz m >ZL³¡jegWZ²cg{jWjZLlgmpx>z³WulnY[shjmpx>cA¢­slnY h¯slgegWshjsJlgYuz&cgm cA¢­slw¢­ijhx
enm|sJhc
f(θ, φ) ∈ R ©_slnZ>sJZ>lªZZ>Y[{jWJcfm >ZenWeCsilAcf{jWZ>lnm xLuz&WlgY[shm xLclgZx>shcgm jZ>lnZLJcm jZ>hegmpx>z|z bhdijz z&¢­sl
l < 0
sJl |m| > l © h±{lfenm x>ijz lªZ5WSJZ®
Y 0l (θ, φ) = Pl(cos θ),h±uzpcfsDegWjZ5¢­sJz|z sªCm hj[{jlgsJ{ZLlfevbY[shj²s{j{sJcgm|egZslZLlncL®
Y −ml = Y
m
l
§ y© º ¨
ªCWjZLlgZ
z
ZLhjsuenZLcenWjZxsJY²{z|Z>}xsJhtvijegZsu¢
z ∈ C ©· WjZLhDx>shcgm jZ>lnm|hjw^JZLx
ensl
Z
s¢cg{jWjZ>lnmpx>uzxsdslm henZLc
Z = (r, θ, φ)
hm|encs{j{sJcgm|egZ¶JZLxegsl −Z ªCWsJcgZcg{jWjZ>lnmpx>uzx>ssJlnjm|huegZKclgZ −P = (r, π − θ, π + φ) ¡jªZ5WSZegWZ>h³®
Y ml (π − θ, π + φ) = (−1)lY ml (θ, φ).yeAzpcfeCªZ5WSJZwenWjZ5¢­sz z sªCm|hj²ªZ>z z¬¥¦´dhjsªChenWjZ>sJlgZLY § cgZ>Z!lgZ GUG " ¨ ®
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P1 = (r1, θ1, φ1)
$
P2 =
(r2, θ2, φ2)
-
γ
\&'! .
0/1&  5; & \&)
 =&\&)C
!/&
2
%& :'
\#U& $&\  
cos γ = cos θ1 cos θ2+sin θ1 sin θ2 cos(φ1−φ2)

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Pl(cos γ) =
l∑
m=−l
Y ml (θ1, φ1)Y
−m
l (θ2, φ2).
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VWjZKcfZAlgZxzpcncgm xLuzZ¤hjm¬enm|sJhcrh-lnZLcgijz|enc?s¢  m cnxlnZenZCjsilgm Z>lrVlnhcf¢­slnY § cgZ>Z¢­slPZ>}Y[{jz|Z  q¶V (w=."sJl  ¸+ =#" ¨ © hY[sJcfe¶x>JcfZJ¡ªZCm|Y[{jz mpxm|egZ>z bxsJhcfmpZLl?egWueregWjZ^{ZLlgm s
N
m cPZLZLh³¡Jcgs5egWue N
2
m cuh[m|henZ>ZLlL©  e¶mpcrcfeglum Wef¢­sJlgªulensZ>lnm|JZ^enWjZxsJlglnZLcg{shm hjD¢­slnY-ijzpuZw¢­slCsj
N
©
 / %   
¹µZe
(fl)l∈N
h
(gl)l∈N
¡evªs"&)^H- :^cgZLoijZLhxZKcªCm|egW±{Z>lnm|s
N
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